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A Simple Explicit Model Approximating the Relationship between
Speed and Density of Vehicular Traffic on Urban Rods

Abhik Kumar Das ar Ja Asund

Abstract — With the increase in simulation of urban
environments for the purpose of planning, modellingvehicular
traffic has become important. While empirical evideice on
traffic flow is relatively sparse, models representg the same
are being increasingly used for planning urban road and
environments. In this paper, a simple explicit modes proposed
to approximate the speed versus density of vehiculdraffic
flow. The model, which uses two parameters, derivedrom
simple measurement on real time traffic data, allow for a
prediction of the approximate relationship for congested as well
as uncongested vehicular traffic flow. The proposednodel is
especially useful in conditions where available datis sparse and
can be invaluable for the modelling and simulationof urban
environments.

M

pervasive in recent times[1-4]. As a result, itésy important
that the models are used adequately and accurafaigsent
the characteristics of the roads being modelledwéier,
empirical data on traffic flow is relatively sparsgollection

I. INTRODUCTION

Il. PREVIOUSWORK
A generic traffic flow model can be represented as

d;p+0,f(p) =0, xeERt>0
p(x,0) = po(x), x ER

wherep is the traffic density anfl(p) can be viewed as the
outward flux of the scalar density functipn The ‘flow’
parameter of traffic model, which can be definedtlzes
number of vehicles passed at fixed point in umitetj can be
represented as the outward flfigp). Due to Edie [5], for
stationary traffic, the flow parameterf(p) equals
space-mean speed times densityfi(@) = pv, wherev is

ODELLING vehicular traffic for the purpose of planningthe space mean speed. Traffic researchers hagebleen
of roads and/or other urban infrastructure has tneco interested in functionally specifying and estimgtithese

relations [6, 7]. Greenshield’s [6] data suggestetinear
speed-density relation, leading him to propose akadic
function as an approximation to the flow-densitjatien.
Other functional forms, based on notions like fldicthamics

of real-world data is time-consuming, expensive,d anand car following decisions, give rise to a variefyforms.
cumbersome. It is thus important that the modeisgoesed Considering the free-flow speed (which can be csrsid as
to estimate traffic flow are not data intensive, sefficiently  the maximum speed) ag, the maximum densiW,... .

represent the phenomena of interest. Lighthill-Whitham-Richards linear model [8] can be
In this paper, we propose a simple explicit mothelt represented as

relates the vehicular speed to the vehicular dgosita given

road segment. Our proposed model is of a genemnal &nd v(p) = vy (1 _ pr:ax) for0 < p < Poax (1)

the parameters can be estimated with a very spatsé data.
We demonstrate how this model can be used withxisttireg
real-world dataset and how it is reasonable in
approximation.

Our paper is structured as follows: Section llcdibes the
previous work in this area. In Section Ill, we dése our
model, and Section IV compares our model to thatieg
models. Section V describes how the parameter sateto
be estimated from sample data. In Section VI, we s@ne
real-world data to explain our model and how it barused.
We conclude with some remarks and caveats about

its Greenberg [9] proposed a logarithmic form for speed
versus density,

Pmax
D

v(p) = vrln fob < p < prax (2
We can consider that at any instant the trafficsigrip,)
produces the traffic speed as Then the Greenshield linear

model [6] can be expressed as
our

roposed model. P
Prop v(p) =vo(2-2) 00 < p < Prna ®3)
Underwood [10] used an exponential form,
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Greenberg [9] used the logarithmic form also as

v(p) = v, (1 - lnpﬂo) for0 < p < Pmax (5)

Drake et al. [7] proposed the model resembling Wwded
[10] as

1 p\?
v(p) = voexp £ (1= 2) Hfor 0 < p < e ©)
0

The ‘stimulus-response’ car-following models of Gaz
Herman, and Rothery [11] have a general form incivithe
acceleration of a following vehicle responds togkparation
and difference in speed from the vehicle in fronot bhis
model is complex due to the presence of space atards.
Papacostas [12] proposed a model expressible egeamsion
of Duncan’'s model [13, 14], and Newell'siodel [15],
somewhat rearranged version of Underwood’s mode] [1
with the additional equation on hypothetical spa¢dzero
density. Random driver behaviors are analyzedl6j [to
investigate traffic variability, and Kockelman [lidkes the
interacting information on travellers, weather, arghicle
type with density for a least-squares polynomialdeioof
flow. Laval and Leclercq [18] describe their mottelough a
merge where traffic reached unsustainable flow @dekity
values, which both gradually ‘relaxed’ to lower wes, in an
almost orthogonal direction to the steady-state/ftiensity
relationship. Some researchers also used micrasco
modelling of the relaxation phenomenon using a ospic
lane-changing model [18]. Addison and Heydecket [K&s
different traffic speed limits in their model whiébund that
jam density is not a property of moving traffic.

In this paper we propose a hew model to approxirtiegte
speed versus density relationship of traffic flowhe
functional relationship between the speed anditraiénsity
is simple and explicit and shows the average tnthese
two basic traffic variables.

[ll. APPROXIMATEEXPLICIT MODEL FORSPEEDDENSITY
CURVE

The proposed model for the speed versus densitheof
traffic flow can be represented as

m ()"

for 0 < p < pmax, Wherem andn are two vehicle related
parameters depending on the statistical behavithreafraffic.
Here whenp —= ppex, v = 0 and forp - 0, v - vy,
Whenp/p,q.. 1S small, the normalized spee&ds,,, can be
viewed as linear with normalized densityp,,., and the

v

p

Pmax

1-(1—-m)-L

Pmax

()

Vmax

traffic jam when the average traffic speed is viemy and

traffic density is comparatively high. A power lderm can
be used in the proposed model to incorporate tfectebf

congested traffic situation when the normalized sitgn
P/ Pmax 1S high and tends to unity. The temmused in the
proposed model (7) can be regarded as the ‘povetrfaf

the speed-density relationship of the traffic model

1.0
1 Normalized Speed
0.8
0.6 ] Normalized Density
1 x Normalized Speed
0.4
0.2
0.0 02 " 04 06 o8 | 10

Normalized Density

Fig 1: represents the normalized speed vs nornaadizesity and the flow vs
normalized density using the proposed power lawehodingm=0.6 an:
=5. The marked point represents the critical peimere flow is at maximum.

As shown in Fig 1(a), normalized speed decreaseestl
linearly with normalized density up to a criticaipt where
the product of speed and density (which is defiagdraffic
flow earlier) is maximum and while the normalizezhdity is
Bbove this critical point, the normalized speeduces very
rapidly. The traffic flow versus normalized spesdhown in
Fig 1(b) which shows that there is a critical pofatitical
density) for which the flow is maximum.

IV. RELATION OF PROPOSEDMODEL WITH OTHERBASIC
SPEED-DENSITY MODEL

In this section, we show that how the proposed rnizde
generic and how the other basic simple expliciespgensity
functional form of traffic flow (as discussed ear)i can be
generated from the proposed model. For the simptifin,
we have considered the most basic models of speesityl
curve like linear, logarithmic, and exponential ratsd

A. Linear Model

To normalize the linear model (3), we can use #uot that
D = Pmax IMplies v = 0, hencep,,,, = 2p,- Similarly for
p—=0,v-> v, , hencev,,, =2v,. Now (3) can be
normalized as

v P

Pmax

=1- (8)

Vmax

Equation (8) is same as the LWR model (1). Noweafput
m= 0 in the (7) we get (8). Hence both Equationsafid (3)

‘linear factor’, m captures the linear dependency of speetin be generated from the proposed model (7).

with density mostly in uncongested traffic flow. Amhthe
density is over a critical point like a congestealfic, the
speed drastically reduces with density and tend=eto for
maximum density, a condition which may arise attitme of

B. Logarithmic Model
In (5), we can use the similar analogy that p,,.
impliesv - 0, hencep,,., = ep,- Now Equation (4) can be



The 4th Annual International Conference on Nexté®ation Infrastructures, Virginia Beach, VirginiBlovember 16-18, 2011

converted into
Equation (12) can be converted into the proposed
v Vo <1—ln p pmax) generalised model (7) with proper choicenondn. These

Umax  Vmax Pmax Po values depend (}FIM as shown in Table II.
Vo p Vo Pmax Ymax
= %(1—lnpmax—lne)= %IHT (9)
Serial | Vmin | m n

For realistic purposes we can consider a depsity for NO | Vg
which the speed i8,,,,. Hencev, in (9) can be represented 1 0.01] 10.01 0.89
aswmax/ln(pm“") Hence the logarithmic model (4) can be 2 0.02| 12.28 0.92
normalized as 3 0.03| 12.70 0.92
4 0.04| 1354 0.94
v 1 o 5 0.05| 14.93 0.9%
e i — (10) 6 | 0.06| 17.18 0.9¢
pmax 7 [ 007] 2111 0.97
In the same way if we have a dengity;, for which the 8 0.08 | 19.33 0'9_7
speed i9,,,, On Equation (2), the; can be represented as 9 0.09] 17.68 0'9_’
Pmax 10 0.10| 16.12 0.97

Vmax/ ln( ) and Equation (2) can also be transformed into

(10). Equat|on (10) can be converted into the psegdo Table II: The approximate valuesmfandn for different values of”’"—”l
generalized model (7) with proper choicenofandn. These used in exponential model

values depend on the value%ﬁﬂ as shown in Table I.
Pmax The proposed model can also be used for other

speed-density functional forms which are derivedxdended
version of the linear, logarithmic, and/or expormnt
NO | Pmax model(s). The values afiandn can be generated using a least

Serial | Pmin m n

1 0.01] 1.69 O'4E square minimization method between the proposectifumal

g 88§ ggg 8?2 form and any other functional forms.

g 882 ggé 822 V. EXTRACTING PARAMETER VALUES

6 006 741 0.1 In the proposed model (7), there are four unknown
7 0071 880 0.93 variablesm, n, Vs andp,,., t0 get an approximate relation
8 0.08 1]'_ 37 0'9:. of traffic speed and density. From the real tinaéfic data we

) 0'09 12'99 0'92 can approximate these values by measuring the spdedr

10

different points of the density. By considering iastant
where the speed is maximum, we can ggt. Similarly

_ _ _ omm CONsidering the instant where speed is minimum
Table I: The approximate valuesrmfandn for different value ofﬁ (approximately equal to 0), we can gef,, . Nowm andn

must be computed; hence two measurements can be
i performed to know the speed where: ap,,,, and to know
C. Exponential Model o the density where =~ Bv,,,, , where0 < @, 8 < 1. Hence

It is already known thab — 0 impliesv — vy, hence the value ofm andn can be generated from the following

using this condition in (4), we get thaf,, = ev,. Hence the approximate equation derived from (7) using singigbraic

0.10| 15.7§ 0.97

used in the logarithmic model

normalized of the exponential model (4) can betemitas manipulation
v 1 P Pmax (L) -(1-a)
= —EXp (1 - ——) - Ymax’ p~ap
Umax € Pmax Po m = amax (13)
= exp (_Lm) (12) log{(l -B)-(a-m)(52-) }m‘l
Pmax Po n= ( P)max oeRvmax (14)
log P
Considering at density,,,,, traffic speed is,,,;,,, hence pmaxivpmax
using (11) we can state tha§ equals tqomax/lﬂ(vmax) Due to the existence of a simple functional relahip, the
hence exponential model can be normalized as parameters of the proposed model can be deriveasing

four simple approximate measurements. This proesdur
In ,,mm) (12) requires the information of,,x andpma, Which sometimes in
real-time traffic measurement are not available.

Pmax Ymax

= exp(

Ymax
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—
8]

In real-time data, sometimes,.,x cannot be obtained
directly, but the average maximum speeg, can be
approximated, since in real time traffic the trafpeed
almost remains constant when traffic density is ksd near
to zero.Let py, p,, p3be three measured traffic density points
where 09:1< po< p3< pmaxand the speed or flow data are
available for these traffic densities. Consideripg pmay IS
small such thatpf/ pmay)" can be neglected, we can state that

—
(=}

v
o

Normalized Speed
< o
- =)}

0.2
(U/Umax)pzpl ~ 1- (1 - m)(pl/pmax) (15)
0.0 0.2 0.4 0.6 0.8 1.0
Sincevyax Can be approximated directly from the available Normalized Density
traffic data, let define a variabteto simplify the calculation ()
as follows, -
2 0.7
=
o« = 1-m — 1- (V/Vmax) p~p, (16) _E 06 1
Pmax P1 N
Té 0.5
The value ofx can be derived from the available data. Using e |
(16), we can state that ﬁ 04
£ 031
m(pi/pmax)n =1—ap;— (U/Umax)pzpi fori=2,3 (17) E 0.2 -
=]
(5]
Using simple algebraic manipulation the ‘power dach can g 0l
be approximated as g
2z 0.0 02 04 06 08 1.0

~ ln[{l —apz2— (V/Vmax) p~p- }/{1_Q’P3 — (V/Vmax) p~p3 }] Normalized Density

In(p2/p3) (b)

(18) Fig 2: (a) The normalized density-normalized spaed (b) a representation

: : -~ of normalized density vs traffic flow behavior. Th&ie curve shows the
The value ofn andpmax can be approximated using following actual data derived from the real-time traffic dé#te approximated model is

system of equations represented by the red curve.

Pmax = (1 —m)/a . (19) As shown in Figure 2(a), the proposed model is used

_ o approximate the relationship between traffic dgnaitd the
Pmax = [m/{1 ~ ap; - (v/vm“")p“pZ}] P2 (20) traffic speed, using this approximated relationskig flow
versus traffic density relationship is represeriteéig 2(b).

he parameter extraction method used in the prabose

functional form gives the values of parameters1 andn =
4.39. These values can now be used to model vehitaffic
on that particular road.

The solution of the last two equations can be fou
numerically or by graphical method.

Interestingly ifa = 0, the value ofm and pnax can be
estimated easily as =1 and

1
Pmax = [1/{1 = V/Vmax) p=p, P2 (21) VII. CONCLUSIONS

In this paper, we proposed a simple explicit makaf relates

the vehicular speed to the vehicular density ofivangroad

VI. RESULTS& DISCUSSION segment. Our proposed model is of a general forchthe

To demonstrate how the proposed model can be weed, Parameters can be estimated with a very sparsef skita.
have taken the real time speed-flow data from [26m the \We demonstrate how the parameters are to be estinaatl
data we sampled four points to estimate the variogdd the same on a sample dataset. The estimatedscdp

parameters (described in the previous section). TH@llow the trends shown by the complete sampleas&dOur
speed-density relationship is as follows, model can thus be used easily within simulatiornisadfic on

road segments. In this manner we believe we haweraa
reasonable contribution to the literature and tasathe
efforts of modelling vehicular traffic.
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